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Abstract. We present an elementary proof of a general version of Mon-
tel’s theorem in several variables which is based on the use of tensor
product polynomial interpolation. We also prove a Montel-Popoviciu’s
type theorem for functions f : R — R for d > 1. Furthermore, our
proof of this result is also valid for the case d = 1, differing in several
points from Popoviciu’s original proof. Finally, we demonstrate that our
results are optimal.
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1. Introduction

The study of functional equations has substantially grown in the last three
decades [1], [10], [22], [23], [34], [37]. Research in this area is provoking in-
teresting questions concerning characterizations of polynomials [4], [30] and
exponential polynomials [42], [45]. These concrete questions have close con-
nections to spectral analysis and synthesis and have found its way to a number
of interesting applications [42], [43], [44]. Both Montel and Popoviciu, in their
seminal papers [32], [33] and [36], used Fréchet functional equation, with some
additional regularity conditions, for the characterization of polynomials. In
this paper, we are interested in generalizing these results, by using some new
tools, in the several variable setting. Our aim is to show that under suitable
conditions we again end up with polynomials.

Concretely, we are interested in a special regularity result for the the
functional equation A7"*! f(x) = 0, where f : R — R and the higher dif-
ferences operator Ahmﬂ is inductively defined by A} f(x) = f(z+ h) — f(x),
and AT f(z) = Ay (A7 f)(x), n = 1,2, - -. This equation was introduced in
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the literature for functions f : R — R, by M. Fréchet in 1909 as a particular
case of the functional equation

Ahth...hme(x) =0 (z,h1,ho,...,hpnt1 €R), (1.1)

where f : R — R and Appyen, f(2) = A, (Dpyeon f) (2), s = 2,3,---.
In particular, after Fréchet’s seminal paper [15], the solutions of (1.1) are
named “polynomial functions” by the functional equations community, since
it is known that, under very mild regularity conditions on f, if f : R — R
satisfies (1.1), then f(z) = ag + a1z + -+ - apaz™ for all x € R and certain
constants a; € R. For example, in order to have this property, it is enough
for f being bounded on a set A C R of positive Lebesgue measure |A| > 0
(see, for example, [42] for a proof of this result). Equation (1.1) can also be
studied for functions f : X — Y whenever X,Y are two Q-vector spaces and
the variables =, hq,- - , hy41 are assumed to be elements of X:

Ah1h2"'hm+1 f(il?) =0 (:Ea hla h2a BERE) hm+1 € X) (12)

In this context, the general solutions of (1.2) are characterized as functions
of the form f(z) = Ag + Ai(x) + -+ + A, (x), where Ap is a constant and
Ap(z) = A¥(z,2,--- ,z) for a certain k-additive symmetric function A* :
Xk — Y (we say that Ay is the diagonalization of A*). In particular, if
x € X and r € Q, then f(rz) = Ag+rAi(z) +--- + ™Ay (x). Furthermore,
it is known that f: X — Y satisfies (1.2) if and only if it satisfies

m+1
A f(2) = Z (ml_: 1) (—1)™HFfx4+kh) =0 (z,he X). (1.3)
k=0

A proof of this fact follows directly from Djokovié’s Theorem [13] (see also [20,
Theorem 7.5, page 160], [26, Theorem 15.1.2., page 418] and, for a completely
different new proof, [45]).

In 1935 P. Montel [32] studied Fréchet’s functional equation from a
fresh perspective (see also [33]). Indeed, he was not motivated by Fréchet’s
paper but by a much older one by Jacobi [21], who in 1834 proved that if
f:C— C is a non-constant meromorphic function defined on the complex
numbers, then Po(f) = {w € C: f(z+w) = f(z) for all z € C}, the set of
periods of f, is a discrete subgroup of (C,+). This reduces the possibilities
to the following three cases: Po(f) = {0}, or Po(f) = {nw; : n € Z} for a
certain complex number wy # 0, or Po(f) = {n1w1 + naws : (n1,n2) € Z*}
for certain complex numbers wq, ws satisfying wi,wy # 0 and wy/wy ¢ R.
In particular, these functions cannot have three independent periods and
there exist meromorphic functions f : C — C with two independent periods
wy, w2 as soon as wi/we € R. These functions are called doubly periodic
(or elliptic) and have an important role in complex function theory [24].
Analogously, if the function f : R — R is continuous and non-constant, it does
not admit two Q-linearly independent periods. Obviously, Jacobi’s theorem
can be formulated as a result which characterizes the constant functions as
those meromorphic functions f : C — C which solve a system of functional
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equations of the form

Ap, f(2) = Ap, f(2) = Ap, f(2) =0 (2 € C), (1.4)
for three independent periods {hq, ha,hs} (i.e., hiZ + hoZ + hsZ is a dense
subset of C). For the real case, the result states that, if hy, ha € R\ {0} are two

nonzero real numbers and h;/hs € Q, the continuous function f: R — R is
a constant function if and only if it solves the system of functional equations

Ap, f(x) = Ap, f(x) =0 (z € R). (1.5)

In [32], [33] Montel substituted AJ**' for Aj in the equations (1.4), (1.5)
and proved that these equations are appropriate for the characterization of
ordinary polynomials.

Theorem 1.1 (Montel). Assume that f : C — C is an analytic function which
solves a system of functional equations of the form

A f(z) = AP f(2) = AP f(2) =0 (2 €C) (1.6)

for three independent periods {hy,ha,hs}. Then f(z) = ag + a12 + -+ +
am2™ is an ordinary polynomial with complex coefficients and degree < m.
Furthermore, if {h1, ha} C R\{0} satisfy hi/ha & Q, the continuous function
f:R —= R is an ordinary polynomial with real coefficients and degree < m if
and only if it solves the system of functional equations

APHf(2) = AP f(2) = 0 (2 € R), (1.7)

To highlight the relationship between his theorem and Jacobi’s results,
Montel named “generalized periods” of order m+1 of f to the vectors h such
that A"t f =0,

Montel’s result uses the regularity properties of Fréchet’s functional
equation in a new non-standard form. Indeed, the idea is now not to con-
clude the regularity of f from the assumption that it solves the equation for
all h and it satisfies some mild regularity condition, but to assume that f
is globally regular (indeed, it is continuous everywhere) and to describe the
minimal set " of generalized periods h such that, if the equation is solved for
all h € T, then it is also solved for all h. Thus, the regularity of the solution
is assumed and used to conclude that, in order to be a solution of Fréchet’s
equation it is enough to have a very small set of generalized periods.

In his paper [33], Montel also studied the equation (1.3) for X = R9,
with d > 1, and f : R — C continuous, and for X = C? and f : C? — C
analytic. Concretely, he stated (and gave a proof for d = 2) the following
result.

Theorem 1.2 (Montel’s Theorem in several variables). Let {hi,--- ,hs} C R?
be such that

MZ + hoZ + - - -+ hyZ is a dense subset of R, (1.8)
and let f € C(R?,C) be such that A} (f) =0, k =1,---,s. Then f(x) =

ZIaKN aqz® for some N € N, some complex numbers a,, and all z € R?.
Thus, [ is an ordinary complex-valued polynomial in d real variables.
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Consequently, if d = 2k, {h;}3_, satisfies (1.8), the function f : C¥ — C
is holomorphic and A} (f) =0, k = 1,--- s, then f(2) = ZIQKN anz% is
an ordinary complex-valued polynomial in k complex variables.

The finitely generated subgroups of (R, +) which are dense in R? have
been actively studied and, in fact, they can be characterized in several ways.
For example, in [48, Proposition 4.3], the following theorem is proved:

Theorem 1.3. Let G = hiZ + hoZ + - - - + h7Z be the additive subgroup of R¢
generated by the vectors {hy,--- ,hs}. The following statements are equiva-
lent:

(i) G is a dense subgroup of RY.

(i1) If hy = (a1k, azk, -+ ,aqx) are the coordinates of hy, with respect to the
canonical basis of RY (k=1,--- ,s), then the matrices
a1 aiz - Qs
az1 a2 - azs
A(nh 777‘&) =
Gq1  Ad2 -+ Q4ds
nq N9 . Ng

have rank equal to d+ 1, for all (nq,--- ,ng) € Z°\ {(0,---,0)}.

A simple case which has motivated the study of dense subgroups of
(R%, +), is the following one:

Corollary 1.4 (Kronecker’s theorem). Given 61,05, -+ ,04 € R, the group
Z% + (01,0,--- ,04)Z (which is generated by evactly d + 1 elements) is a
dense subgroup of R® if and only if

n160y + -+ ngby € Z, for all (n1,--- ,ng) € 2\ {(0,---,0)}

in other words, this group is dense in R? if and only if {1,01,--- ,04} forms
a linearly independent system over Q.

Proof. The vectors {ex}¢_, U{(61,--,04)}, where

ex = (0,0, , 1(k-th position) ,0), k=1,---,d,
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generate the group G = Z% + (61, 0s, - ,04)Z. Thus, part (i) from Theorem
1.3 guarantees that G is dense in R? if and only if

0, 1 o --- 0

0, O 1 -0
L

8; O o - 1

ng N1 no ngq

d
_ (71)d+2n0 + Z(*l)d+2+knk(*]—)k+19k det(Id_l)
k=1

d
(-7 (no - an9k> #0
k=1
for all (ng,ny,- -+ ,nq) € Z4\{(0,---,0)}, which is equivalent to claim that

n1by + -+ ngbqg € Z, for all (ny,--- ,ng) EZd\{(O,~-~ L0},

which is what we looked for. To prove the last claim in the theorem, it
is enough to observe that, if {1,601, --,04} forms a Q-linearly dependent
system, then there are rational numbers r; = n;/m;, ¢ = 0,1,--- ,d (not all
of them equal to zero), such that

ro + 7101 + -+ 71abq =0,
so that, multiplying both sides of the equation by m = HZ:O my, we get
ng+nijb+---+ni0s=0
for certain natural numbers ng, nj, - ,n} (not all equal to zero). In partic-
ular,
niby + - +ny0q € Z.
O

Montel’s theorem was improved by his student T. Popoviciu [36] for the
case d = 1 to the following:

Theorem 1.5 (Popoviciu, 1935). Let f: R — R be such that
AP () = AR f(2) =0, (x €R),

If hi/hy € Q and f is continuous in at least m + 1 distinct points, then
fell,.

In section 2 we prove, by very elementary means, a theorem which gen-
eralizes Montel’s Theorem in several variables. In section 3 we prove a version
of Montel-Popoviciu’s theorem for functions f : R¢ — R for d > 1. Further-
more, our proof is also valid for the case d = 1, and, in that case, it differs
in several points from Popoviciu’s original proof. In section 4 we prove that
Popoviciu’s original result is optimal, since, if b1, ho € Rand hy/he € Q, there
exists f : R — R continuous in m distinct points which is not an ordinary
polynomial and solves the system of equations Azzflf(x) = AZ;Hf(:v) =0.
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Finally, in that section we also consider the optimality of Montel-Popoviciu’s
theorem in the several variables setting.

In this paper we use the following standard notation: IL,, denotes the
space of complex polynomials of a real variable, with degree < m. H‘fn’max
denotes the space of complex polynomials of d real variables, with degree < m
with respect to each one of these variables. More precisely, P(z1, - ,z4) €

¢ if and only if

m,max
m m m

_ i1 iq

Pz, - ,2q) = E E E Uiy, ig®] - X
i1=0i5=0  iq=0

with a;, ... ;, being complex numbers. Finally, Hfmtot denotes the space of

complex polynomials of d real variables, with total degree < m; that is,
P(xy,---,xq) € 19, , . if and only if

m,to
— } : i1 ia
P(xlv"' amd)* Qg ,eee gy Ty
i1, ,ia€EN and 41+ +ig<m
; : . \ -1 1
with a;, ... ;, being complex numbers. Of course, I, =1L}, .. =T, .

2. A generalization of Montel theorem

For the statement of the results in this section, we need to recall the following
concept from interpolation theory: Given A C II¢ a subspace of the space
of polynomials in d real variables, and given W C R%, we say that W is
a correct interpolation set (sometimes also referred as insolvent ) for A if
and only if for any function f : W — C there exists a unique polynomial
P € A such that P(z) = f(x) for all z € W. In particular, if W is a correct
interpolation set for A and P € A satisfies Py = 0, then P = 0. These sets
have been characterized for several spaces of polynomials A [46]. In particular,
the technique of tensor product interpolation guarantees that the sets W of
the form

W:{x(l)’w%a"' 7x71n} X {xgax%a 71%1} X X {xgvxtli’ ax?n}v

which form a rectangular grid of (m 4 1)¢ points in R?, are correct interpo-
lation sets for A = IIZ, .. (see, e.g., [19, page 295]).

Let G be an Abelian group, let f : G — C be an arbitrary function.
The functions AR f : G — C are well defined and f is named a complex
polynomial function of degree < m on G if AZ"Hf(x) =0 for all z,h € G.
If there exist additive functions a : G — C, k = 1,--- ,t and an ordinary
complex polynomial P € Clzy,--- , 24 of total degree < m such that f(z) =
P(ai(x), -+ ,a:(x)) for all x € G, we just say that f is a polynomial on
G. Tt is known that, for finitely generated Abelian groups, every polynomial
function is a polynomial [42].

Given v = {h1, -+ ,hs} C G, a € G, and given f : G — C a polynomial
function of degree < m, there exists a unique polynomial P = P, € 1I;

m,max
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such that
S
Piyyig, - is) = firoi o= fla+ Y ixha),
k=1
forall 0 <ip <m, 1 <k <s,since W = {(i1, - ,is) : 0 < i <m, k=
1,---,s} is a correct interpolation set for II;, . ... In all what follows, we

denote this polynomial by F, .

Lemma 2.1. Let G be a commutative group and f : G — C be a function. If
A;Z:rlf(a:) =0 forallzr e Gandk=1,---,s, then

P (inyiz, -+ yis) = fla+ Y ixhe), for all (iy, - ,is) € Z.

k=1
Proof. Let us fix the values of k € {1,--- ,s} and i1, -+ ,9k—1,0k41, " ,is €
{0,1,--- ,m}, and let us consider the polynomial of one variable
Qk(x) = Pa,’y(ila e 7ik)—lax7ik§+la e 7id+1)'

Obviously ¢ € IT} , so that

m—+1

m+1
0=A7"g(0) = —1ymHer
a0 =3 (")) o)

o (mA41 malr . ) . .
= Z ( , )(—1) T Py (i, ko1, Ty ks dag) + ar(m 4 1)
r=0

m + 1 . '
= Z (m )(—1)m+1 fla+ Z ijhj +rhi) + qe(m+ 1)

=N (0<j<s; k)
=APHfa+ Y k) = fla+ Y ighy 4 (m+ 1)hg)

(0<5<s; j#k) (0<5<s; j#k)

+aqr(m +1)

=q(m+1)—fla+ Y ijhi+ (m+ D).
(0<5<s; j#k)

It follows that

qg(m+1) = Pam’(ilv"' vik—1, (m + 1) ik, 0s) (2.1)
= fla+ Z(ogjgs; G#k) ijhj + (m+ 1)hg). ’
Let us now consider the unique polynomial P € II7, ., which satisfies the

Lagrange interpolation conditions
S
Piv ig, - yishs) = fla+ Y irh)
k=1

forall 0 <i; <m,1<j<s,j#k,andall 1 <4, <m+1. We have already
demonstrated, with formula (2.1), that this polynomial coincides with P, .
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Furthermore, the very same arguments used to prove (2.1), applied to the
polynomial P = P, -, lead us to the conclusion that

Pa,’y(ilv e 77;k71; (m + 2)7ik+17 T 77;Shs)
=fla+ D ijhj+ (m+2)hy)
(0<j5<s; j#k)

In an analogous way, extracting this time the first term of the sum, and
taking as starting point the equality

AP fla+ > djhy—hy) =0,
(0<5<s; j#k)
we conclude that
Poq(iv, - yig—1, =1 dgqr, o i)
Zf(a+ Z ijhj —hk)
(0<5<s; j#k)

Repeating these arguments forward and backward infinitely many times, and
for each k € {1,--- , s}, we get

Pa,'y(ilvi% T 7is)
= fla+ Zikhk), for all (iy,--- ,i,) € 24T,

k=1
which is what we wanted to prove. (I

Corollary 2.2. Let G be a topological Abelian group. If f : G — C satisfies
Aﬂflf(a:) =0 forallzr e Gandk=1,---,s, then

A f(x) =0
forallhe H=hmZ+---+ hZ.

Proof. Let P, , be the polynomial constructed in Lemma 2.1, and let x € R,
Then

Py (inyin, -+ yis) = f(x+ Y _ighg), for all (iy,--- i) € Z4F1
k=1

Hence, if h =37 _, ixhi € G,

sm—+1 s
Azm+1f(l') _ Z (sm + 1) (_1)5m+1—7‘f(x + Tzlkhk)

r
r=0 k=1

sgl (sm + 1) (1) Py (r(iy, -+ is))

r
r=0
- AfZLHz)Pﬂm(O) =0,

since P, , is a polynomial in s variables of total degree < sm. This proves
the first part of the corollary. O
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Corollary 2.3. If G is a topological Abelian group, f : G — R is continuous
and satisfies Ahm)flf(x) =0 foralxeGandk=1,---,s and H =m7Z+
-+ 4+ hsZ is a dense subgroup of G, then

Aimﬂf(x) =0

forall x,h € G. In other words, f is a continuous polynomial on G of degree
< sm.
In particular, if G = R%, then f € II¢

sm,tot*

Proof. Let us now assume also that f is continuous and G is dense in R<.
Then it is clear that A;™ ! f(z) = 0 for all z,h in R? and, if G = R,
Fréchet’s Theorem implies that f is an ordinary polynomial. In fact, it is not
difficult to prove that, in this case, f must have total degree < sm (see, for
example, [5, Theorem 3.1]). O

Remark 2.4. Corollary 2.3 is optimal for G = R since, for each s > d + 1
there exists f : R — R and {hy,--- ,hs} C R? such that H = hyZ+---+h,7Z
is dense in RY, A;L’Zﬂf(x) =0forallz e R andk=1,---,s, and AJ"f #0
for some h € H. To prove this, let v = {hy,--- ,hs} C RY be such that
G =MmZ+ -+ hsZ is dense in Rd, and let us assume that

ay; Gy - QAls
az1  G22 - A2
A, =collhy, - by =
aq1 Q42 - Qds
contains a set {ag1,apa, - ,aks} which forms a Q-linearly independent set of
real numbers. If we consider two vectors (i1, -+ ,is), (J1, "+ ,Js) € Z*, then

i1h1 4+ -+ishs = jih1+-- -+ jshs if and only if iy, = ji for allk =1,--- s
Hence the function f : R = R given by

f(:c)—{ P(21,~O-- Jis) if € =irhy + - +ishs and (iy,--- ,is) € Z

otherwise ’

is well defined for any map P : Z° — R. Let P € I}, . CII5,, 1o
polynomial P(x1,--- ,xs) = x{zh -2 Then

A;Lr:rlf(a?):O, forallzeRandk=1,---,s,

and, on the other hand, if we consider the monomial o : R — R defined by
on(t) =tN, then

A}SlT_‘_“._‘_th(O) == A( 1,1,1 1)P(0 0 ,0)
< ) sm kp(k k ,k)
< ) smfkk,sm

= Aimﬂosm(o) = (sm)lpsm(1) = (sm)! # 0,

be the
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since the monomials ¢ satisfy the functional equation +; AN oy (x) = @n(h).
Hence f satisfies our requirements.

To support our argument let us show an example of matriz A, satisfying
our hypotheses. Let {1,01,---,04} be a Q-linearly independent set of real
numbers of size d + 1 with s = d + 1. Indeed, we impose 0, = 7% for all k.
Let us consider the matrix

r 1 = 7

w2 0 1 0
A, =collhy, -, hy] =

< 0 0 - 1

Then part (it) of Theorem 1.3 claims that G = MZ + --- + hsZ is dense in
R if and only if, for each (ng,- -+ ,nq) € Z4F1\ {(0,---,0)},

T 1 72 ... g

™2 0 1 0
0 # det(B,(no, - ,nq)) = det ;

0 0 1

ng N1 N9 z

Now, a simple computation (expanding the determinant by the first row)
shows that

det(By(no, -+ ,na))

= ( ) n0+ d+1 Zﬂ'Qk n1—|— d+1Z7T Nk

(—=1)%ng + ( d+1Z7r ng + (— ZT&'Qk’I’Ll,

which does not vanish if (ng,---,nq) € Z4%\ {(0,---,0)}, since w is a
transcendental number. This solves the case s = d + 1. The general case
follows as a direct consequence of this one, since the matrices

r 1 72 ... gd g+l

T
T2 0 1 .0 0 .0
T 0 0 o1 0 .0
ng M1 N2 -+ Ng Ng41 - Mg
contain B (ng,--- ,nq) as a submatriz and, hence, have mazimal rank for all

s>d and all (ng, - ,ns) € Z*T1\ {(0,---,0)}.

Several distributional techniques have been used in the study of func-
tional equations. In particular, Fourier transform of tempered distributions is
used in [8] to introduce a method of solving some special functional equations.
This motivates study Montel’s type theorems in the distributional setting. Let
S’(R%) denote the space of complex tempered distributions defined on R9.
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Obviously, S’(R?) is a vector space and the operators Aj can be defined as
endomorphisms of S’'(R9) by the formula,

nfier = (1) A0}
for s = 1,2,---. Furthermore, if & = (avy, - - - , aq) € N¢ is any multi-index and
we denote by D f = on o e g% f the a-th generalized derivative of
0z{* 0x5? Oz

f, then A7*D® = DA} for all m € N, and if D®f = 0 for all multi indices
o with |a| = n, then there exists P € II{_, . such that P = f almost
everywhere. Of course, if f is taken to be continuous, then f = P everywhere.
Finally, the structure theorem for tempered distributions guarantees that if
f € S8'(RY) then there exist a slowly growing continuous function F and a
natural number n € N such that f = D) F [47, page 98]. Tempered
distributions are also interesting because the Fourier transform F can be
defined as an automorphism F : §’'(R%) — S'(R?) just imposing F(f){¢} =
F{F(¢)}, and the new operator preserves the main properties of the classical
Fourier transform (see, for example, [14, page 144], [38, page 192, Theorem
7.15]).

Lemma 2.5. Assume that f € S'(R?) and let I' = AL Al ---Al and n €
N\ {0}. Then D) f =0 implies T™f = 0.

Proof. f € 8'(RY) implies that
F(Df)(&) = (i) F(f)(&)
for every multi-index o and
F(Dno f(2))(€) = F(f (@ + ho) = f(2))(€) = ("""~ = 1)F(f)(€)
for every step ho € R%. Hence, if D = D51 and D(f) = 0, then
0=F(D())E) = (@) VF(f)E) = (i) €k LaF (). (22)

In particular, the support of F(f) is a subset of V' = UZ:1 Hy, where Hy, =
{€¢: &, =0} is an hyperplane of R? for every k. On the other hand,

d d
f@UMO=(Hﬁ““D—U>Hﬁ©=<H@m—U)Hﬂ@

k=1 k=1
(2.3)
and, evidently, if the support of F(f) is a subset of V', then
d
[T - DF@E© =0
k=1

(since F(f) vanishes on all points £ such that szl(eig"' —1) # 0) and
F(T(f))(€) = 0, which implies T'(f) = 0. Thus, if f € S’'(R%) and D(f) = 0,
then I'(f) = 0, which is the case n = 1 of the lemma. Assume the result holds
for n — 1 and let f € S’'(R?) be such that D" f = 0. Then

0=D"f=D(D""'f),
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so that

0=T(D""'f)=D" 1(Tf)
and the induction hypothesis implies that I"~1(T'f) = 0, which is what we
wanted to prove. [

We are now able to prove the following result:

Corollary 2.6. Let f € S'(RY) and let H = hyZ+---+h,7Z be a dense subgroup
of Re. Assume that ATJV =0,k=1,---,s. Then there ezists f* € Hgmvtot
such that f = f* almost everywhere.

Proof. Let f € S'(R?) satisfy the hypotheses of this corollary and let us take
n € Nand F : R — C a continuous slowly growing function such that
f =D ) E Then, for 1 < k < s, we have that

0 = ApFf
— AZ”;:LlD(n,n ,n)F _ D(nm,m ,n)(AZ”;:LlF)
Hence, Lemma 2.5 implies that
0=T"(APF) = A (I F), forall 1 <k <s,

and since I'™(F') is continuous, we can apply Corollary 2.3 to I'*(F') to con-
clude that T'™"(F) is a polynomial. In particular, F' is of class C(>) and
f = Dwnm) B on distributional sense, which implies that f is equal al-
most everywhere to a continuous function f* and this function f* satisfies
A;Z:rlf* =0,k=1,---,s in the classical sense. Thus, if we apply Corollary
2.3 to f* we conclude that f* € I1%,, ., and f = f* almost everywhere. This
concludes the proof.

O

Obviously, we can resume all results proved in this section with the
statement of the following generalized version of Montel’s Theorem:

Theorem 2.7. We suppose that s is a positive integer, and either of the follo-
wing possibilities holds:

1. G is a finitely generated Abelian group with generators hy, ..., hs, and
f: G — C is a function.

2. G is a topological Abelian group, in which the elements hy, ..., hs gen-
erate a dense subgroup in G, and f: G — C is a continuous function.

If f satisfies

AP F=0 (2.4)
fork=1,2,... s, then f is a polynomial of total degree < sm on G. Fur-
thermore, if G = R%, sm is the best possible. Finally, if G = R, the elements
hi,...,hs generate a dense subgroup of R?, and f is a complex valued tem-
pered distribution on R® which satisfies (2.4), then f = p almost everywhere
for some p € 112

sm,tot*
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Note that, with completely different techniques, similar results have
been recently demonstrated by Almira [2], Almira-Abu Helaiel [4] and Almira-
Székelyhidi [7].

3. Montel-Popoviciu theorem in several variables setting

In this section we prove a result of Popoviciu’s type for functions defined on
the Euclidean space R? for d > 1. We begin by a technical lemma showing
that every polynomial P € II7, .. can be decomposed as a special sum

involving polynomials of the form Ag(t1 + 01ts, to + Oats, -+ ,ts—1 + Os_1ts),
with Ay € Hf_l and k=0,---,sm.

s—1)m,max

Lemma 3.1. Let {01, ,0,_1} C R\{0}. Then every polynomial P € 11}, ..
can be decomposed as a sum of the form

P(ty, - ts) = > Ag(ty+ Ot by + Ot -+ Lo + 0o 1ts)th
k=0
where Ay, € TI5 ! fork=0,--- sm.

(s—1)m,max

Proof. Let P(ty, -+ ,ts) = Y0 oS0 (- 3 @iy ig, i 1 -+ -t and let
us consider the change of variables given by f1 =t +61ts, -, fe_1 = ts_1+
0s_1ts and fs = ts. Then ty = fr — O fs forall 1 < k <s—1, and f; = ts,
so that

P(ty, oo ts) = > > i (ft = 00f) - (foor = 01 f) " (fo)"

i1=0 1s=0

= > Al o)
k=0

sm

= > Ag(tr+ Orta,ta + Oat, - ter + o 1to)th,

k=0
where Ag(f1,---, fs—1) is a polynomial of s —1 variables with degree at most
(s — 1)m in each one of them, for k =0, -, sm. O

Theorem 3.2 (Polynomials of the form A(t1+01ts, ta+0als, -+, ts_1+05s_1ts)).

Let {01,---,0s—1} CR\ {0} and let P(ty,--- ,ts) €I, .- Then

P(ty, -+ ts) = Aoty + O1ts, ta + Oty - -+ o1 + 05 1ts),
with Ay € Hf;ll)m’max if and only if there exists W C R*™!, a correct in-
terpolation set for H‘(g;ll)m e Such that, for all o = (a1, -+ ,as_1) € W,
there exists a sequence of vectors {(U1 n, -+ s Us—1,n, Usn) forq Satisfying the

following three conditions:

(1) ujn+0usy — o whenn — oo, for1 <j<s—1.
(#9) |usn| — 00 for n — oo, and
(791) {P(uU1nsU2ny- " ,Us—1.n,Us,n) oy 95 bounded.
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To prove Theorem 3.2 we need first to state some technical results:

Lemma 3.3. Let p(z) = ap+aiz+---+anz¥ € C[z] be an ordinary polynomial
of degree N (i.e., any #0) and let £ € C be a zero of p. Then

N—1|a|
k
< max{l — .
€] < maz{ a’; GN}

Proof. This is a well known fact, but we include the proof for the sake of
completeness. If |£| < 1 we are done. Thus, let us assume |{| > 1. Obviously,

q(z) = ﬁp(z) = ZkN 01 (‘j}’;z + 2 satisfies ¢(¢) = 0. Hence

N-1 - N-1
|ak - |ax| -
|£|N = Z Z | max{1,|§|,-~- 7‘§|N 1} = Z ‘a ‘ |€|N 1'
k=0 k= k=0 "N
It follows that, in this case, || < ZkN;Ol \lsf,lp which is what we wanted to
prove. U

Lemma 3.4. Let p(z) = ag+aiz+---+anzV € C[z] be an ordinary polynomial
of degree N (i.e., an # 0) and assume that N > 1. Let {qn(2)}22, be a
sequence of ordinary polynomials of degree < N,

Gn(2) = agn + a1z + -+ annz”,
and assume that
mar{lar — agn| : k=0,1,--- N} <l|anl|/2, n=1,2,---, 00.
If |wy| — +o0, then |gn(wy)| — .
Proof. Let n € N and let £ be a zero of ¢, (z). Then

N-1

€] < max{1, )

= lann]

|akn|

}

“IQN | we conclude

and, since |ag,| < |agn — ar| + lag] < 95+ Jag], Jayn| >
that

N-—1 a
201250 1 |y )

€] < max{1, )

=M
k=0 jan]

Thus, all zeroes of g, (z) belong to By = {z € C: |z| < M} (for all n).
If |wy| — oo, then dist(w,,, Bar) — 0.
On the other hand, if {a, }_, denotes the set of zeroes of ¢, (z), then
N
(Jn(z) = GNn H(z - akn)a
k=1
so that
o) = ol T o = ) 2 L2 st Bar))™ = 0. (1 00)
k=1
(]
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Proof of Theorem 3.2. The necessity is obvious, since every polynomial of the
form
P(th s ts) = Aoty + Orts, ta + Oats, - ts 1 + 05 11),

with Ag € IT7 is uniformly bounded on strips of the form

(s— 1)m max’
Dop={(t1, - ,ts) tap <tp+0kts <bg, k=1,---,s—1},

where {a = (a1, ,as-1),b= (b1, -+ ,bs—1)} CR*L
Let us now prove the sufficiency. Let P(ty,--- ,ts) € I}, ... Then, for
a certain N < sm, P admits a representation of the form
N
P(ty, - t) = > Ap(ts + Ot o + st to1 + 05 1t)2EE,
k=0
where Ay, is a polynomial of s — 1 variables with degree at most (s — 1)m in
each one of them, for 0 < k < N, and Ay # 0. We must prove N = 0.
Assume, on the contrary, that N > 0.
By hypothesis, Apn(a) # 0 for a certain o = (aq,- -+ ,as—1) € W, since
Apn € H(g Yy maz \ {0} and W is a correct interpolation set for Hfs__ll)mmm.
Consider the polynomial

N
p(z) =) Ai(e)Z'
i=0
Now, the functions A;(t1,--- ,ts—1) are continuous and {u; ., + 0jus n} — @;

forn > oo and 1 < j <s—1, so that
{Ai(ul,n + elus,nz U2, n + 02us7n7 Ly Us—1n + 93—1us7n)} — Az(a)

for i € {0,1,---, N}. Thus, we can assume with no loss of generality, that
|Ai(u1,n + elus,ny U2,n + 92us,n7 oy Us—1n + esflus,n) - Az(a)‘ < |AN(O‘)‘/27
1=0,1,---,N,neN.

Hence, if we consider the sequence of polynomials

N
qn(z) = Z Ai(ul,n + olus,na U2 n + 92us,na Ly Us—1n T os—lus,n)zia
i=0
n=1,2,---, then Lemma 3.4 implies that |g,(usn)| — oo for n — co. But
|gn (ts.n)| = |P(Uin, U2 m, * , Us—1,n, Us,n)| is bounded. Hence, if N > 0 we

get a contradiction. It follows that NV =0 and
Pty ,ts) = Ao(ts + Orts, ta + Oats, -+ ts1 + 0s1t),
with Ag € HSS 1

)m,max’

In the following A Y (z) denotes the usual

sy m+1
zr;# 9d)f( x) = Z( P )(—1)7”+1_kf(x+k(91a"' ,04)).

k=0
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Corollary 3.5. Assume that f : R? — R is bounded on a certain open set
UCRYL U#0, and H = 7%+ (01,04, ,04)Z is a dense subgroup of R.
If B = {er}¢_, denotes the canonical basis of R? and f satisfies

AP f(z) =0, fork=1,---,d; Azgj:.l“’ed)f(m) =0,

and P, denotes the polynomial constructed in Lemma 2.1, for v = B U

{(01,---,04)}, then
Py (t1, - starr) = A(tn + Oitagr, to + Oataqa, - -+ st + Batayr),
with A € 114

dm,max "

Proof. There is no loss of generality if we assume that a = 0. Indeed, if we
use the notation P, (f) for the polynomial constructed in Lemma 2.1 for
the function f, and we take g(x) = f(z + a), then it is clear that P, ,(f) =
PO,’y (g)

Let W C U be a correct interpolation set for Hgm’max whose entries
have rational coordinates (such set obviously exists since U is open). Then,

for every oo = (aq,-++ ,aq) € W there exists a sequence {(i1,n,-* ,%dn) +
ig+1,n (61, ,04) 152, which is contained in U and satisfies

Um (41,0, tdn) + tdr1,n (61, ,04) =

n—oo
The density of H = Z% + (01,05, ,04)Z in R? implies that the numbers
{1,604, -+ ,04} form a linearly independent system over Q. In particular, 0y, is
an irrational number for £k = 1,--- ,d. From this, and from the convergence

of ik, + Okigs1,n to ai € Q, it follows that |igy1.,| — oo for n — co. On the
other hand,

Por(tim, yianstdarin) = f((Gn, - ldn) + tarin (b1, -, 04))

is bounded. Thus, we can apply Theorem 3.2 to Fp -, completing the proof.
O

Now we are ready to prove the main result of this section:

Theorem 3.6 (Montel-Popoviciu theorem for several variables). Assume that
H =7%4 (61,02, - ,04)Z is a dense subgroup of R%. If B = {e}¢_, denotes
the canonical basis of R? and f : R? — R satisfies

A f(z) =0, fork=1,---.d, and A?eli-l--,ed)f(w) =0,

and is continuous at every point of a set W C R% which is a correct interpo-
lation set for Hgmmax, then f € I1¢

m,max*

Proof. We divide the proof into two parts. In the first one we prove that f
is an ordinary polynomial which belongs to Hgm,max. In the second part we
improve the result by showing that f € Hflmmax, which is a smaller space of
polynomials.

Part I: To show that f € I1¢ note that continuity of f at just one point

dm,max ’
implies that f is bounded on a certain nonempty open set U C R?, so that we
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can apply Corollary 3.5 to f. In particular, for every a = (ay,--- ,aq) € R?,
there exists A, € I1¢ satisfying

dm,max
Aa((n1, -+ s na) +napa (b1, -+ 0a)) = fla+ (na, -, nd) +nas1 (01, -+, 04))
for all (ny,---,ngy1) € Z3¥*1. The result follows if we prove that, for any
a € R%, the relation
Aq(x) = Ao(z — a) (3.1)
holds for all z € R? (here, 0 denotes the zero vector (0,---,0) € RY). To

prove this, it is enough to take into account that, if (3.1) holds true, then,
for each a € R?, we have that

f(a) = Au(0) = Ao(—a).
In other words, f(z) = Ag(—z) € II¢

dm,max"
Let us demonstrate the validity of (3.1). We fix a € R? and we define
the polynomial C(x) = Ag(x —a). Let us show that C' = A,. Obviously, C €

Hiiim,max' Assume that f is continuous at every point of a set W C R which is
a correct interpolation set for Hgm,max' Obviously, C' € Hgm’max, so that C' =
A, if and only if Cjyy = (A,);w. Take a € W. The density of H in R< implies
that, for certain sequences of vectors (i1, -+ ,id+1,n)s (Ji,ns " s Jd+1,n) €
741 we will have that

a = lim [(¢G1n, - dan) + lar1,n(01, -, 04)]

n—00
= lim [a+(j1,n>"' 7jd,n) +jd+l,n(01>"‘ 79d)]~

n— oo

Hence, the continuity of f at a implies that

fla) = nh_{lgo[f((il,na o idm) Flavin (01, ,04))]
HILH;O[AO((,LI’”’ e 7id,n) + idJrl,n(el, e 70d)>]
= Ao(Oé)

and

f(O[) = lim [f(a+ (jl,n7"' ajd,n) +jd+1,n(91;"' agd))]

n—00

= lim [Ae(Jin, - s Jdn) + Jarin(61, -+, 0q))]

n—00

= Aj(la—a)=C(a)

It follows that C(a) = Ag(a) for all & € W. This concludes the proof that

f € Hgm,max'
Part II: Let us prove f € II%, ... By Part I we know that f € H?ilm,max'

Thus, if we apply the set of equations

AZ;"‘I (37):07 forkzl,... ’d'
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to f € Hgm,maw we get that f € Hﬁ%max. Indeed, if f € H‘Ii\,’maX7 then for
every k € {1,--- ,d} we can uniquely decompose f as a sum

N
f= Zdh‘(xh“' STk 1y Tht 15+ Td) Tl
i=1

with ¢1, -+, ¢n polynomials in d — 1 variables and ¢ # 0. We must show
that N < m. Now,

N

A21+1 (1') = Z ¢i($1, e TR 1, Thal, amd)AT+1l';€
1=0
N
- Z Gi(1, T, Tpogr, -+ ) AT
1=m-+1

which is equal to zero if and only if N < m. This ends the proof for both
parts. ([

Corollary 3.7. Let H = hyZ+-- -+ h,Z be a finitely generated subgroup of R?
and assume that Z4+ (01,04, - -+ ,04)Z C H for certain system of real numbers
{0k }4_, such that {1,601, ,04} is Q-linearly independent. If f : R* — R
satisfies

A’,Zjlf(m) =0, fork=1,---,s
and is continuous at every point of a set W C R% which is a correct interpo-
lation set for 11¢ then f € T1¢

dsm,max’ sm,max "’

Proof. Applying Corollary 2.3 to f we conclude that A" f =0 for all h €
H. In particular, we can use Theorem 3.6 with this function just substituting
m by sm. O

4. Optimality

In this section we prove that Popoviciu’s original theorem is optimal, and we
consider the optimality of Theorem 3.6 in the several variables setting. Let
us start with the case d = 1. Consider the function
- (z—(m—-1 Z Z
@) = { z(x—1)---(x —(m—1)) x € hZ+ hy

)

0 otherwise
where H = h1Z + hoZ is assumed to be dense in R. If z € H, then {x +
khi}zn:bl C H for i =1,2, so that f‘{IJrkhi}km:Ol = Dl{atkh ) where p(z) =
z(x—1)--(x — (m —1)). Thus, for i € {1, 2},

m+1 m+1
NACEEED oY (g [ Ry
k=0
m+1
= > (ml—: 1) (=)™ Fp(z + khy)
k=0

= Ap(x) =0,
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since p € II,,. On the other hand, if z ¢ H, then {x + khi}zn:t)l NH=10,so
that f‘{w+khi};n=-l;)1 =0, and Azliﬂf(x) = 0. This proves that A;L’:Hf(x) =0
for all x, for ¢ = 1,2. Furthermore, f is continuous at m points and it is not
an ordinary polynomial.

Let us now consider the case d > 1.

Let H = Z% + (61,--- ,04)Z be a dense subgroup of R, and let us
consider the function
F(xy, - ,xq) = Fi(z1, - ,2q)+ - +Fg(x1,- - ,xq), where Fj(zq,- -+ ,24) =
g(z;) and

zx—1)---(z—(m—1)) T ENL+O0Z+ -+ 047
9(w) = { 0 otherwise

Let us compute AQ}CHF and A?’;H_ ,ed,)F' First of all, it is easy to check

that A7+1F; = 0 for 1 <4,k < d and, hence, AT*1F = S0 | A+ F, =0,
for k =1,---,d. On the other hand, if x = (21, -+ ,z4) € R?, then

m+1
m m+1 _
A anF@) = ) ( . )(—Dm“ R+ k(0 00)
k=0
m—+1
= Z (ml;'_l) (71)m+1ikF($1 +k91,~“ ,xd+k9d)
k=0

m—+1 d
_ Z (m;— 1) (_1)m+17k Zg(xz + k@l)

k=0 i=1
d m+1
- (5 (e e
i=1 \ k=0
d
= ZA;’ng(xi).
i=1

Now, ift e I' = 61Z+---+047Z, then {t—|—k‘91}7]::b1 C T, so that gl{t+k97¢};’§01 =
Pi{t4k0,3740 where p(t) = t(t —1)---(t — (m — 1)), and Ag?*'lg(t) =0.If
t ¢ T, then {t+k0,}77' NI =0 and Ag:+1g(t) = 0. This means that, for all
= (21, ,24) € RY Agjﬂg(xi) = 0. Hence A?;i_l“,ed)F =0.

Now F is continuous at W = {(i1, - ,iq) : 0 <ip <m —1, forall 1 <
k < d}, which is a correct interpolation set for H(Tin,—l,lnax' If we take into
account that the conclusion of Theorem 3.6 is that f € I, ... it seems
natural to claim that this example shows that Theorem 3.6 is optimal (or

near optimal) also for d > 1.
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